This paper presents an approach to simultaneously estimating the state of a wheeled mobile robot for autonomous cleaning and parameters of dynamic friction model for describing its wheel slip. To this end, we develop a dynamic model of a wheeled mobile robot with slip, applying the LuGre dynamic friction model for describing longitudinal and lateral slip. The dynamic model is used in an unscented Kalman filter (UKF) framework. The effectiveness of the proposed method is demonstrated through simulations, whose results indicate precise estimates of the state and parameters of a wheeled mobile robot in the no-slip case.
Introduction
An application of wheeled mobile robots (WMR) to automation of cleaning tasks in different environments has been increasing due to hard working conditions of cleaning, which tend to incur labor shortages. The autonomous cleaning by WMRs raises numerous challenges and attracts attention from many researchers [1, 2] . One of such challenges is the modeling of their kinematic/dynamic behavior for control and estimation purposes.
Although the behavior of WMRs can be modeled under the no-slip assumptions for simplicity, many situations in cleaning, such as navigation on dirty and/or wet surfaces and repetitive accelerating and decelerating movements, require to consider influence of slip on WMRs, which is unignorable also in other practical applications and thus has been discussed by researchers. Ward et al. proposed an approach to estimating longitudinal wheel slip and detecting immobilized conditions of mobile robots [3, 4] . This approach utilized a tire traction/braking model in an extended Kalman filter framework, whose effectiveness was demonstrated. Sidek et al. presented a dynamic model and control method of WMRs with lateral slip [5] . The authors considered slip displacements with traction force in the dynamic model and demonstrated the usefulness of the proposed control method with the model through simulations. Tian et al. proposed control algorithms of a WMR subject to wheel slip [6, 7] . To this end, the authors developed a dynamic WMR model with longitudinal and lateral traction forces for wheels and validated regulation and turning control algorithms. In tire modeling, each researcher developed tire friction models applying the LuGre dynamic friction model [8, 9, 10] . The literatures have determined parameters of friction models beforehand with heuristic approaches or identification utilizing experimental data. These parameters would rely on experimental circumstances, such as movement of WRMs/vehicles and road surface materials and conditions, thereby being potential to have undesirable effects on control and estimation purposes in unstructured environments.
In this paper, we discuss the feasibility of simultaneous parameter and state estimation with a dynamic model of a cleaning WMR with slip to improve the adaptability of a friction model to unstructured environments. To this end, we develop a dynamic model of a WMR with longitudinal and lateral slip in continuous time domain. This dynamic model employs the LuGre dynamic friction model [11, 12] to describe friction with longitudinal and lateral slip. The dynamic model of a WMR with slip is used in an unscented Kalman filter (UKF) framework [13, 14, 15] for simultaneous parameter and state estimation. This estimation provides the state of a WMR including components with respect to slip and friction and parameters of the LuGre model simultaneously, thereby allowing us to get a robot trajectory and slip conditions. On this estimation, the dynamic model requires to be discretized for the prediction step in the UKF framework. We thus apply the Runge-Kutta-Fehlberg method (RKF45) [16, 17, 18] as a discretization method, which affect the precision of the discretized model. We verify the performance of simultaneous parameter and state estimation with proposed dynamic model through numerical simulations, which demonstrate the effectiveness of the proposed technique.
This paper is organized as follows. Section 2. presents the problem formulation with respect to modelling and estimation. Section 3. describes the dynamic model of a WMR with slip, including the LuGre dynamic friction model, as well as an observation model. Section 4. briefly describes an estimation algorithm based on the UKF with a discretization method. Section 5. provides numerical simulations of a WMR given by the dynamic model and discusses estimation results. Section 6. presents concluding remarks and future work.
Problem formulation
In this paper, we attempt estimation of the trajectory and slip of a WMR for autonomous cleaning, as shown in Fig. 1 , whereas we focus on longitudinal and lateral slip on the wheels and ignore remaining components [19] . However, the WMR, which we developed utilizing a commercial walk-behind scrubber dryer Gadlee GT50, does not have enough sensors as an experimental setup for this objective, while it has two independently actuated wheels. We hence validate the proposed technique for estimation of the trajectory and slip of WMRs through numerical simulations under the following assumptions with respect to the robot Assumption 2: Its wheels independently roll receiving each torque signal.
Assumption 3: Its wheels slip on a frictional surface which has a certain property. The longitudinal slip states are independent of each wheel, whereas the lateral slip state is shared with the both wheels due to the wheels connected with the axis. 
Dynamic model of a wheeled mobile robot with slip
According to the assumptions, the cleaning WMR is modeled as shown in Fig. 2 . In this model, O-XY is the world coordinate, and O c -X c Y c is the fixed coordinate to the WMR, whose origin is located on the center of gravity (CG) of its body. On the fixed coordinate, the wheel axis attached to the right and left wheels is along the Y c axis, whose middle is fixed on the CG of the body. On the robot model, an equation of motion of the WMR with slip is written in the following form by applying the projection method [20, 21, 22] :
Right Wheel Left Wheel where ϕ i , i ∈ {l, r} is the rotational angle of the wheels, ζ i and η are, respectively, the longitudinal and the lateral slip displacements of the wheels, M is the generalized mass matrix, h is the generalized force vector, and D is the orthogonal complement matrix to a matrix associated with constraints. In (1), M and h satisfy Mq g = h under the unconstrained condition with respect to the generalized coordinates q g defined as
where (x b , y b ) and θ b are the coordinates of the CG and the heading angle of the WMR in the world coordinate. Thus M and h are given as follows:
where τ i is the input torque of the wheels, m b and m w are the mass of the body and the wheel, respectively, I b and I w are the moment of inertia of the body and the wheel about the vertical axis, I m is the moment of inertia of the wheel about the wheel axis, c b and c w are the viscous friction of the body and the wheel about the vertical axis, c m is the viscous friction of the wheel about the wheel axis, r is the wheel radius, and F w z d ,ż d ,ḋ with d ∈ {ζ l , ζ r , η} is the friction force on the wheels, which is given by a friction model. In (1), D is given so as to satisfy
where C is the constraint matrix given by
where l is the length between the wheels. This is obtained from the relationships of velocities with respect to the wheel shown in Fig. 3 
Thus D can be obtained as
where I n is the identity matrix of size n. In (5), F w z d ,ż d ,ḋ is produced by applying the LuGre dynamic friction model [11, 12] written as follows:ż where z d is the internal friction state for each friction force, σ 0 j , σ 1 j , and σ 2 j are, respectively, the parameters for the stiffness, the microdamping, and the macrodamping, and the parameter subscript j ∈ {ζ, η} indicates the parameters for longitudinal or lateral friction, which is involved with the Assumption 5. In (12) , g ḋ is the function for describing Coulomb friction and the Stribeck effect:
whrere F s j corresponds the stiction force, F c j is the Coulomb friction force, v s is the Stribeck velocity, and α s is the multiplier of the Stribeck velocity. From the robot model and the friction model, the following state equation is established for a UKF framework:
where u u (t) ∈ R 2 and u θ (t) ∈ R 10 are the noise vectors for the input u(t) and the derivative of the parameterθ(t), which have zero mean and each covariance Q u (t) and Q θ (t), and g z (x(t)) is a function to produce the derivative of the internal friction stateż(t) by applying (12) to each element of z(t). Regarding this state equation, although the LuGre friction model has the parameters α s and v s , θ(t) is only estimated. Moreover, u u (t) is imposed on the input torque of the wheels on (1).
The following observation equation is also defined according to the Assumptions 6, 7, and 8:
where w(t) ∈ R 5 is the noise vectors for observation with zero mean and covariance R(t).
Algorithm of simultaneous parameter and state estimation
For simultaneous parameter and state estimation, the following nonlinear discrete time system is considered in a UKF framework, based on (15) and (21):
where x(k) is the state vector of the system at timestep k, u(k) is the input vector, y(k) is the observation vector, and v(k) and w(k) are the noise vectors with zero mean and each covariance Q(k) and R(k). Each dimension of x(k), y(k), u(k), v(k), and w(k) is defined as n x , n y , n u , n v , and n w , respectively. In (22) and (23),
gives y(k) based on (21).
Runge-Kutta-Fehlberg method
The algorithm of RKF45 includes the following procedures [16, 17, 18] :
Step 1: According to the state
, k], the current time t c (i), the finish time t f , and the current state x c (i) are set as
where i indicates the cycle count in the RKF45 algorithm, h(i) is the sampling time.
Step 2: The fourth-order solution x (4) (i) and the fifth-order solution x (5) (i) are calculated by means of the following algorithm:
x (5) 
where let u(t) = u(k) and u(t) = v(k), and u(t) and u(t) are constant.
Step 3: The error between the fourth-order and fifth-order solutions R is evaluated, which is defined as
If R is not greater than a tolerance e tol , i.e., R ≤ e tol , the current time and the current state are updated as follows:
Otherwise these are not updated, that is, t c (i + 1) = t c (i) and x c (i + 1) = x c (i).
Step 4: The sampling time h(i) is evaluated by using
The sampling time for the next cycle is determined as
Step 5: If t c (i+1) = t f , the current state is returned as the solution of f [x(k), u(k), v(k), k]:
Otherwise the procedures from the step 2 to the step 4 are again executed with t c (i + 1), h(i + 1), and x c (i + 1).
Unscented Kalman filter
With (22) and (23), we can get the estimate of the state vector of the systemx(i| j), which is the conditional mean and has the covariance P(i| j), according to the following algorithm [13, 14, 15] :
Step 1: The augmented state vector is established as
where its dimension is n = n x +n v +n w . According to (32), the augmented meanx a (k|k) ∈ R n and the augmented covariance P a (k|k) ∈ R n×n are defined as follows:
Step 2: The set of 2n + 1 sigma points X a (k|k) := X a,i (k|k) ∈ R n |i = 0, 1, · · · , 2n is generated from (33) and (34) by means of the following algorithm:
where λ = α 2 (n + κ) − n, and α and κ are scaling parameters. In (35), √ (n + λ)P a (k|k) i indicates the ith column of the square root matrix A satisfying (n + λ)P a (k|k) = AA T , which is produced by Cholesky decomposition. Each sigma point X a,i (k|k) includes three vectors as
where X i (k|k), V i (k), and W i (k) are the ith sigma point for x(k), v(k), and w(k), respectively. Each set of the sigma points are written as follows:
Step 3: All the sigma points in X(k|k) are propagated by (22) as
where the set is X(k + 1|k) = {X i (k + 1|k) ∈ R n x |i = 0, 1, · · · , 2n}. The propagated sigma points yield the predicted meanx(k + 1|k) ∈ R n x and the predicted covariance P(k + 1|k) ∈ R n x ×n x as follows:
where W m,i and W c,i are the weights for each sigma point. The weights are defined as
where β is an adjustable parameter.
Step 4: The set of sigma points with respect to the observation
is generated by propagating all the sigma points in X(k + 1|k) with (23):
By utilizing this set, the predicted mean of the observationŷ(k+1|k), the predicted covariance P yy (k+1|k), and the cross covariance of the state and the observation P xy (k+1|k) are produced as follows:
Step 5: The estimate of the state vectorx(k + 1|k + 1) and its covariance P(k + 1|k + 1) can be obtained by updatingx(k + 1|k) and P(k + 1|k) with observation data y(k + 1):
Numerical simulation
The effectiveness of the proposed UKF-based algorithm for simultaneous parameter and state estimation with the WMR model is verified through numerical simulations. These simulations show that the WMR performs two patterns of movements under the no-slip environmental condition for 15 seconds, tracking desired trajectories, and produce its state and observation data. The state data of the moving WMR are generated by applying sliding mode control presented in [23] to a WMR given by a no-slipping model, which does not consider friction coefficients, with the trajectories named as S-shape and Lying U-shape (Fig. 4) . The data are treated as the true state data for estimation. The observation data are provided at each sampling time of 1.00 × 10 −3 seconds by imposing the observation noise with the zero mean and the variance of 1.00 × 10 −3 on the considered state data. The sampling time is also applied to the initial sampling time of the RKF45.
To validate the proposed approach more precisely, we should also perform the simulations under slip environmental conditions. However, we will test the effectiveness under slip conditions by experiment in future work, since it is difficult to simulate meaningful WMR movements on a slip surface without experiment.
To obtain the considered true state data, we set the initial state; q g (0) = 0 andq g (0) = 0, and the following parameters; m b = 65.5 kg, m w = 2.00 kg, I b = 6.09 kgm 2 , I w = 6.90×10 −3 kgm 2 , I m = 1.10 × 10 −2 kgm 2 , c b = 2.00 × 10 −5 Nms/rad, c w = 1.00 × 10 −5 Nms/rad, c m = 1.00 × 10 −6 Nms/rad, l = 2.30 × 10 −1 m, r = 1.05 × 10 −1 m, v s = 7.00 m/s, and α s = 1.00. However, ζ l , ζ r , η,ζ l ,ζ r , andη in q g (t) andq g (t) are eliminated in a no-slipping WMR model, since it does not consider wheel slip. Also v s and α s are not used in a noslipping WMR model. For the UKF-based algorithm, we set the initial estimates and covariance of the state; 
, and the covariance of noise;
Q θ (k) = I 2 · 1.00 × 10 −9 0 0 I 10 · 1.00 × 10 −2 ,
where Q(k) and R(k) are constant at all timestep k. The remaining UKF parameters are set as follows: κ = −43, α = 8.00 × 10 −1 , β = 2.00. The estimation results are shown in Figs. 5 to 10. Figures 5 and 6 show the estimates of the state of the WMR having the observation data on the S-shape and Lying U-shape movements. Figures 7 and 8 show the estimated robot's trajectories with the slip and friction conditions. Figures 9 and 10 show the estimated parameters of the LuGre dynamic friction model. In these figures, variables with the hat indicate estimated values. Figures 5 and 6 indicate that the proposed method can provide the estimates following the true values with little errors in each movement, utilizing the noisy observation data. Figures 7 and 8 show that the proposed method can estimate the robot's trajectories and heading angles with some positional errors, even though these data cannot be observed directly. These root-mean square errors (RMSE) are 4.96×10 −2 meters in the S-shape movement and 4.27 × 10 −2 meters in the Lying U-shape movement. In these estimation results, the slip displacements, especially the lateral slip, have some errors (Figs. 7(c) and 8(c)), although the WMR moves under the no-slip environmental condition. These are involved by instantaneous variation of the estimated slip displacements at the beginning, which is also found in the other estimates. However, the errors of the slip displacements are less accumulated except the beginning and the slip velocities settle to zero. Since the above slip conditions are appropriate on the no-slip case, the slip conditions can be inferred by the proposed method. effectiveness of the updated parameters in a next test is shown in Fig. 11 . In these results, the RMSEs of the positions are 8.25 × 10 −3 meters in the S-shape movement and 2.49 × 10 −2 meters in the Lying U-shape movement and the slip conditions have less errors. 
Conclusions
In this paper, we have presented an approach for simultaneous parameter and state estimation to infer the trajectory and slip conditions of a WMR. For this approach, a dynamic model of a WMR with slip has been developed by employing the LuGre dynamic friction model. Using this dynamic model in a UKF framework, we have simultaneously estimated the state of the WMR with slip and the parameters of the LuGre friction model. The effectiveness of the proposed approach has been demonstrated through simulations. The simulation results demonstrated the feasibility and adaptability of the proposed approach in different movements. On the other hand, it has been found that in some cases the proposed approach cannot provide estimates with less errors. Hence, future work will extend the capability of the proposed approach to provide accurate estimates in a variety of movements and conditions. In future work, we will also conduct estimation tests with actual experimental data under both slip and no-slip environmental conditions. 
